Introduction
In this paper, we follow the notation of [3] . Domination is an important property in the design of efficient computer interconnection networks. We studied the efficient 2-dominating sets for circulant graphs Cir(n, A), where A = {1, 2, . . . , x, n − 1, n − 2, . . . , n − x} and x ≤ n−1 2 [5] . In this paper, we continue the study of a variation of the domination theme, namely that of perfect 2-tuple total domination.
A vertex subset of a graph G = (V, E), is called a dominating set if every vertex v not in S, is adjacent to a vertex in S. The domination number of G, denoted by γ(G), is the minimum cardinality of a dominating set in G and a corresponding dominating set is called a γ-set [3] . A vertex subset S is said to be an efficient dominating set if for every vertex v, |N [v] ∩ S| = 1 [1] . Let k(≥ 1) be an integer. A vertex subset S is said to be k-dominating(k-tuple total dominating) set if for each vertex v ∈ V − S(v ∈ V ), |N (v) ∩ S| ≥ k. The k-domination number(k-tuple total domination number) of G is the minimum cardinality of a k-dominating (k-tuple total dominating) set denoted by γ k (G)(γ ×k,t (G)) [7] . A k-dominating set S is said to be independent kdominating set if no two vertices in S are adjacent. A k-dominating set(k-tuple toal dominating set) S is said to be perfect if for every vertex v ∈ V −S(v ∈ V ), |N (v)∩S| = k. A perfect and independent k-dominating set is called as efficient k-dominating set.
A graph G is said to be 2-tuple total dominating g-excellent if every subset S ⊆ V (G) with |S| = g, is contained in some γ ×2t -set of G. Similarly, the graph G is said to be 2-tuple toal dominating g-restricted if every subset S ⊆ V (G) with |S| = g, is not contained in some γ ×2t -set of G.
Cayley graphs have been an important class of graphs in the study of interconnection networks for parallel and distributed computing. Let (Γ, * ) be a finite group and e be its identity. Let A be a generating set of Γ such that e / ∈ A and a −1 ∈ A for all a ∈ A. Then the Cayley graph is defined by G = (V, E), where V = Γ and E = {(x, x * a)/x ∈ V, a ∈ A}, denoted by Cay(Γ, A). Circulant graphs are special case of Cayley graphs when Γ = (Z n , ⊕ n ), where ⊕ n is the operation addition modulo n [6] .
In this paper, we obtain a necessary and sufficient condition for the existence of an efficient 2-dominating set in the circulant graphs Cir(n, A), where n(≥ 3) is an integer and A stands for the set A = {a, 2a, . . . , xa, n − a, n − 2a, . . . , n − xa}, xa ≤ n−1 2
. Further, we give an upper bound for the 2-domination number for those circulant graphs. For circulant graphs Cir(n, A), where A = {1, 2, . . . , x, n − 1, n − 2, . . . , n − x} and x ≤ n−1 2 , we study the perfect 2-tuple total domination number γ ×2t . We identify some 2-tuple total dominating 2-excellent circulant graphs and 2-tuple total dominating 2-restricted circulant graphs. Also we prove that any subgroup of Z n can be a perfect 2-tuple total dominating set of Cir(n, A) for some generating set A.
Efficient 2-domination in Circulant graphs
Let n(≥ 3), a be integers. Through out this section, A stands for the set A = {a, 2a, . . . , xa, n − a, n − 2a, . . . , n − xa}, where xa ≤ n−1 2
. In this section, a necessary and sufficient condition for the existence of an efficient 2-dominating set in Cir(n, A) has been obtained. Further an upper bound for the 2-domination number for those circulant graphs has been given. Theorem 2.1 Let n(≥ 3), x, a be integers. Let G = Cir(n, A) be a circulant graph with A = {a, 2a, . . . , xa, n−a, n−2a, . . . , n−xa} and xa ≤ n−1 2
. Then G has an efficient 2-dominating set if and only if xa + a divides n.
Proof. Suppose G has an efficient 2-dominating set D. Let n = g(xa + a) + j for some integers g(≥ 1) and j with 0 ≤ j ≤ xa + a − 1. With out loss of generality, assume that 0 ∈ D. Suppose xa + a / ∈ D. Since xa = 0 ⊕ n xa and xa ∈ A, 0 and xa are adjacent vertices and hence xa / ∈ D. In this case, to dominate the vertex xa twice, we should have v = xa+ia ∈ D for some 2 ≤ i ≤ x. Now we have to dominate the vertex xa + a twice and hence we should have w = xa + a + xa ∈ D(otherwise xa will be dominated thrice) and we have two adjacent vertices v, w ∈ D, which is a contradiction to D is independent. Hence xa + a ∈ D. Similarly, we can prove that 0, (xa + a), 2(xa + a), . . . , g(xa + a) ∈ D. If j = 0 and if a divides n, then we have two adjacent vertices 0, g(xa+a) ∈ D, again a contradiction to D is independent. If j = 0 and if a does not divides n, then we have 0, (xa+a), 2(xa+a), . . . , g(xa+ a), . . . ∈ D, which will have a vertex adjacent to 0, again a contradiction to D is independent. Hence j = 0 and hence (xa + a) divides n. Conversely suppose, (xa+a) divides n. Then n can be written as n = g(xa+a)
, where ⊕ n denotes the operation, addition modulo n.
Then i(xa + a) < v < (i + 1)(xa + a) for some integer i with 0 ≤ i ≤ g − 1. Let v = i(xa + a) + t for some 1 ≤ t < xa + a. Let h ≡ t(mod a). In this case, v is dominated by both i(xa + a) + h and (i + 1)(xa + a) + h and not dominated by any other vertex of D.
The next result is a special case of the above theorem when a = 1, which was proved in [5] .
Corollary 2.2 [5] Let G = Cir(n, A) be a circulant graph with A = {1, 2, 3, . . . , x, n − 1, n − 2, n − 3, . . . , n − x} and x ≤ n−1 2
. Then G has an efficient 2-dominating set if and only if x + 1 divides n.
The next Lemma gives an upper bound for the 2-domination number of Cir(n, A). Lemma 2.3 Let n(≥ 3), x, a be integers. Let G = Cir(n, A) be a circulant graph with A = {a, 2a, . . . , xa, n − a, n − 2a, . . . , n − xa} and xa
Let v = i(xa + a) + t for some 1 ≤ t < xa + a and h ≡ t(mod a). In this case, v is dominated by both i(xa + a) + h and (i + 1)(xa + a) + h of D. Hence γ 2 (G) ≤ a n xa+a .
In the above lemma, the equality for the 2-domination number holds when xa + a divides n.
2-tuple total domination
The author studied the efficient 2-dominating sets for the circulant graphs Cir(n, A), where A = {1, 2, . . . , x, n − 1, n − 2, . . . , n − x} and x ≤ n−1 2 [5] . In this collection of graphs, the perfect 2-tuple total domination number γ ×2t has been obtained. Some 2-tuple total dominating 2-excellent circulant graphs and 2-tuple total dominating 2-restricted circulant graphs are identified. It is proved that any subgroup of Z n can be a perfect 2-tuple total dominating set of Cir(n, A) for some generating set A.
Lemma 3.1 Let n(≥ 3), x be integers. Let G = Cir(n, A) be a circulant graph with A = {1, 2, . . . , x, n−1, n−2, . . . , n−x} and x ≤ n−1 2
. If x divides n, then G has a perfect 2-tuple total dominating set.
Proof. Suppose, x divides n. Then n can be written as n = gx for some g ≥ 1. Let V (G) = {1, 2, . . . , n − 1, n(= 0 = gx))} and D = {x, 2x, . . . , gx = 0}. We prove that D is a perfect 2-tuple total dominating set of G. Let v ∈ V (G). . If G has a perfect 2-tuple total dominating set, then x divides n.
Proof. Suppose G has a perfect 2-tuple total dominating set D. Let n = gx + j for some integers g(≥ 1) and j with 0 ≤ j ≤ x − 1. With out loss of generality, assume that 0 ∈ D. . Then G has a perfect 2-tuple total dominating set if and only if x divides n.
In [6] , Sivagnanam Mutharasu has obtained a necessary and sufficient condition for a subgroup of Z n to be an efficient dominating set for Cir(n, A) for some specific generating set A.
Theorem 3.4 [6] Let H be a proper subgroup of Z n . Then H (as well as H + x for all x ∈ Z n ) is an efficient dominating set for the circulant graph G = Cir(n, A) for some suitable generating set A of Z n if and only if either of the following is true. (i) n = |H|(2k + 1) for some k ≥ 1.
(ii) n = |H|(2k + 2) for some k ≥ 1 and |H| is odd.
He proved that there are some subgroups of Z n , which are not efficient dominating sets for any circulant graph. But, we prove that any subgroup H( = {e}) of Z n can be a perfect 2-tuple total dominating set of Cir(n, A) by choosing a specific generating set A. Lemma 3.5 Let H( = {e}) be a subgroup of Z n . Then H is a perfect 2-tuple total dominating set for the circulant graph Cir(n, A) for some suitable generating set A of Z n .
Proof. Let H be a proper subgroup of Z n . Then n = |H|x for some x ≥ 2. In this case, H = {x, 2x, . . . , (g − 1)x, gx = n = 0}, where g = n x = |H|. Let G = Cir(n, A), where A = {1, 2, . . . , x, n − 1, n − 2, . . . , n − x}. Then by Lemma 3.1, H is a perfect 2-tuple total dominating set of the circulant graph G = Cir(n, A). If H is not a proper subgroup of Z n , then H = Z n . Note that the cycle on n vertices, is also a circulant graph Cir(n, A), where A = {1, n − 1}. In this case, the only perfect 2-tuple total dominating set is the vertex set.
In the group Z n , for every subgroup H, the set a ⊕ n H is a left coset of H, for all a ∈ Z n . Also, Z n can be written as a disjoint union of left cosets of H, and that each has the same number of elements. Since Cayley graphs are vertex transitive, for each a ∈ Z n , we have a ⊕ n D is a perfect 2-tuple total dominating set of Cir(n, A) whenever D is a perfect 2-tuple total dominating set of Cir(n, A). From these facts and by above Lemma 3.5, we can have the following result. Theorem 3.6 Let H be a proper subgroup of Z n . Then there exists a circulant graph G = Cir(n, A) and some specific generating set A of Z n such that V (G) can be partitioned into perfect 2-tuple total dominating sets and each one is a left co-set of H.
Lemma 3.7 Let G = Cir(n, A) be a circulant graph with A = {1, 2, . . . , x, n − 1, n − 2, . . . , n − x} and x ≤ n−1 2
Proof. Suppose G has a 2-tuple total dominating set D. Let n = gx + j for some integers g(≥ 1) and j with 0 ≤ j ≤ x − 1. With out loss of generality, assume that 0 ∈ D. As discussed in Lemma 3.2, we have 0, x, 2x, . . . , gx ∈ D, where g + 1 = n x
. Hence γ ×2t (G) ≥ n x . Let S = {0, x, 2x, . . . , gx} and v ∈ V (G). Case 1: ix < v < (i + 1)x for some integer i with 0 ≤ i ≤ g − 1.
In this case, v is dominated by both ix and (i + 1)x. Case 2: gx < v ≤ n − 1. In this case, v is dominated by both 0 and gx. By the property of vertex transitivity, the circulant graphs Cir(n, A) discussed above are 2-tuple total dominating excellent. Some of the circulant graphs are 2-tuple total dominating 2-excellent and those graphs have been identified in the next result.
Theorem 3.8 Let n(≥ 3), x be integers and G = Cir(n, A), where A = {1, 2, . . . , x, n − 1, n − 2, . . . , n − x} and x ≤ n−1 2
. If n = gx + 1 for some integer g > 1 then G is 2-tuple total dominating 2-excellent.
Proof. Given g + 1 = Hence G is 2-tuple total dominating 2-excellent. Theorem 3.9 Let n(≥ 3), x be integers and G = Cir(n, A), where A = {1, 2, . . . , x, n − 1, n − 2, . . . , n − x} and x ≤ n−1 2
. If n = gx + 1 for some integer g > 1 then G is 2-tuple total dominating 2-restricted.
Proof. Given g + 1 = 
